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FUNCTIONS : Derivative and Di�erential

Learning Ojetives

� To beome familiar with derivative number and its interpretations.

� To use di�erentials

� To understand notations used in physis.

1 Derivative

1.1 Introdution

1.1.1 Di�erene Quotient

Consider a funtion f of one variable t. Suppose t hanges from an initial value t1 to a �nal

value t2. Then the inrement of t is de�ned to be the amount of hange in t. It is denoted by

∆t = t2−t1. That is t2 = t1+∆t. As t hanges from t1 to t2, f hanges from f(t1) to f(t2). Thus
we have the inrement of f :∆f = f(t2)− f(t1). In physis, we usually get this expression :

f(t2)− f(t1)

t2 − t1

variation of a magnitude f to the time variation t. This is denoted by

∆f

∆t
.

This ratio is alled the di�erene quotient of f . We use the letter ∆ (Delta) to express a big

Di�érene.

Example 1.

1. In eletriity, let q(t) be the eletri harge in oulomb at time t and let's onsider :

q(t2)− q(t1)

t2 − t1
=

∆q

∆t

In mehanis, let x(t) be the overed distane at time t and let's onsider

x(t2)− x(t1)

t2 − t1
=

∆x

∆t
(1)

What does it represent in physis ?

2. In mathematis, let f be a funtion and x its variable, let's onsider :

f(x2)− f(x1)

x2 − x1

=
∆f

∆x

Give a graphi interpretation of the di�erene quotient using this graph.
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1.1.2 The limit of the di�erene quotient

We have the di�erene quotient (1), what does it represent if the variation ∆t is in�nitely

small ?

Theorially, this leads to onsider the limit of the di�erene quotient when t1 approahes t2.
Thus we get :

lim
t1→t2

f(t1)− f(t2)

t1 − t2
(2)

Example 2.

1. In physis, how would you ompute experimentally this limit ?

2. In mathematis, what an you say ?

3. Give the name of those three magnitudes when t1 approahes t2 (in mathematis), or

when x1 approahes x2 (in mathematis).

1.2 Derivative at a point

Let's onsider this de�nition (2) with a slight hange in notation t2 = a and h = t1 − t2. Thus,
the previous limit an be written using only a and h. Thus we have two ways to ompute the

derivative of f at a :

De�nition 1.

Let a ∈ I with I an interval of R and f : I → R a funtion.

(i) f is said to be di�erentiable at a if and only if

lim
h→0

f(a+ h)− f(a)

h
or lim

x→a

f(x)− f(a)

x− a

exists and is �nite ; this limit is denoted f ′(a) and alled the derivative of the funtion f
at a ot the di�erential oe�ient of f at the point a.

(ii) f is right di�erentiable at a if and only if

lim
h→0+

f(a+ h)− f(a)

h
or lim

x→a+

f(x)− f(a)

x− a

exists and is �nite. This limit is denoted by f ′

d(a) and is alled the right derivative of f
at a.
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(iii) f is left di�erentiable at a if and only if

lim
h→0−

f(a+ h)− f(a)

h
or lim

x→a−

f(x)− f(a)

x− a

exitst and is �nite. This limit is denoted by f ′

g(a) and alled the left derivative of f at

the point a.

Example 3.

Let f be the absolute value funtion. What about the derivative of f at 0 ?

Proposition 1.

Let a be a real number belonging to an open interval I.

(i) f is di�erentiable at the point a if and only if both the right derivative f ′

d(a) and the left

derivative f ′

d(a) both exist, are equal f ′

d(a) = f ′

g(a), and are �nite real numbers.

(ii) If f ′

d(a) and f ′

g(a) both exist and are �nite then the point A(a, f(a)) is alled a orner.

(iii) If f ′

d(a) and f ′

g(a) both exist but are in�nite, then the point A(a, f(a)) is alled a usp.

Remark 1.

If I is of the form [a; b[ then the right derivative oinides with the derivative, moreover there

is no left derivative. Idem for ]b; a].

Example 4. For eah previous ase, give an example of a funtion and draw it.

1.3 Geometrial Meaning of the derivative

With the same notations as before and using the graph below, give the geometrial meaning of

the di�erential oe�ient.
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Theorem 1 (Equation of the tangent line).

Let's assume that f is a di�erentiable funtion at a, then the equation of the tangent line to

the urve of f at the point a is

y − f(a) = f ′(a)(x− a)

Example 5.

Give the equation of the tangent line of f with f(x) =
1

x
at the point x = 3

Proposition 2.

Every di�erentiable funtion at a real number a is ontinuous at a.

Example 6.

Is the onverse true ?

1.4 Appliation to limits

The following results are quikly obtained using the derivative number :

Property 1.

1. lim
x→0

sin x

x
= 1

2. lim
x→0

cos x− 1

x
= 0

3. lim
x→0

ln(1 + x)

x
= 1

4. lim
x→0

ex − 1

x
= 1

Example 7.

Proove the �rst limit and illustrate eah with a graph.

Property 2. Rule of l'Hospital (ou H�pital)

Let a ∈ R or a = ±∞,

� Let f and g be 2 funtions both having 0 or ±∞, as limits in a.

� If the quotient

f ′(x)

g′(x)
as a �nit or in�nit limit in a

then

lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)

g′(x)

Example 8.

Proove that property in the partiular ase where f and g are di�erentiable at a and a is a real

number and g′(a) 6= 0.

1.5 The derivative funtion

De�nition 2.

Let's onsider f : I → R, its derivative funtion (also alled derivative) is the funtion whih

assoiates to eah member x of I, the derivative (or di�erential oe�ient) f ′(x). This funtion
is denoted by f ′

. f is said to be di�erentiable on I if and only if f is di�erentiable at all points

x of I. Di�erentiation is the ation of omputing a derivative.
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Example 9.

Is the square root funtion di�erentiable on its domain of de�nition ?

De�nition 3 ( Leibniz's notations).

From f ′(a) = lim
x→a

∆y

∆x
we denote note

f ′(a) =
df

dx
(a)

or f ′ =
df

dx
, f ′(x) =

df

dx
,et...

1.6 Operations on derivatives

Theorem 2.

Let's onsider λ ∈ R, f, g : I → R two di�erentiable funtions on I, yhen :

(i) f + g is di�erentiable on I and (f + g)′ = f ′ + g′

(ii) λf is di�erentiable on I and (λf)′ = λf ′

(iii) fg is di�erentiable on I and (fg)′ = f ′g + fg′

(iv) If for all x in I, g(x) is distint from 0 then
f

g
is di�erentiable on I and

(

f

g

)′

=
f ′g − fg′

g2

Theorem 3.

Derivative of a omposite funtion : Let I, J be two real intervals and f : I → R, g : J → R

suh that f(I) ⊂ J .
Let's de�ne the funtion g ◦ f , from I to R by x 7→ g(f(x)).
If f is di�erntiable on I and if g is di�erntiable on J then gof is di�erentiable on I and

(gof)′ = (g′ ◦ f) f ′
.

Example 10.

Let's de�ne the funtion h by h(x) = elnx
. With the previous notations, let's determine I, J , f

and g to ompute the derivative funtion of h.

Remark 2.

In physis, we use Leibniz notations. Let's assume that we have three funtions z, y and x suh

that z = y ◦ x, whih means z(t) = y(x(t)) with t the variable. Using Leibniz's notations,

z′(t) = (yox)′ (t) = y′(x(t)).x′(t) is written :

dz

dt
(t) =

dy

dX
(x(t)).

dx

dt
(t)

This equality ommonly beomes

dz

dt
=

dy

dx
.
dx

dt

dx at the denominator is not the same as dx at the numerator. The �rst one mathes the

variable of y, while the seond one mathes the funtion x. Thus this writting is intuitive but

dangerous.
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1.7 Higher orders derivatives

De�nition 4.

Let f : I → R be a funtion.

We de�ne higher orders derivatives of f by indution :

For a ∈ I, f (n)(a) =
(

f (n−1)
)
′

(a) where f (n)
is the derivative funtion off (n−1)

f (n)
is alled the nth

order derivative of f .
f is said n times di�erentiable on I if and only if f (n)

is de�ned on I.
f is said in�nitiley di�erntiable on I if and only if f is n times di�erentiable on I for all natural

number n.

Example 11.

Let's ompute the nth

order derivative of f de�ned by f(x) = e2x.

Remark 3.

We also �nd those following notations for higher orders derivatives :

f ′(x) =
df

dx
, f”(x) =

d2f

dx2
...f (n)(x) =

dnf

dxn

Theorem 4.

Let's onsider λ ∈ R, f, g : I → R two real valued funtions n times di�erentiable on I, then :

(i) f + g is n times di�erentiable on I and (f + g)(n) = f (n) + g(n)

(ii) λf is n times di�erentiable on I and (λf)(n) = λf (n)

(iii) fg est n times di�erentiable on I and (fg)(n) =
n

∑

k=0

(

n
k

)

f (k)g(n−k)
(Leibniz's formula).

(iv) If for all x in I g(x) is distint from 0, then

f

g
is n times di�erentiable on I.

Example 12. Find the n

th

order derivative of the funtion f de�ned by f(x) = cosxe2x.

1.8 Di�erentiability lass of a funtion

Let f : I → R be a funtion and let n ∈ N.

f is said to be of di�erentiability lass Cn
on I if and only if f is n times di�erentiable and its

n-th order derivative f (n)
is ontinuous on I.

f is said to be of in�nitely di�erentiability lass C∞
on I if and only if f is in�nititely di�eren-

tiable on I. We say that f is smooth.

Example 13. Prove that the square root funtion is of di�erentiability lass C0
on its domain

of de�nition but is not of di�erentiability lass C1
.

Example 14. Let f be a ontinuous funtion

on [-2,2℄, whih representation of f ′
is the fol-

lowing.

1. Is f of lass C1
?

2. Is f of lass C2
?
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Property 3. Rational funtions, trigonometri, exponential , logarithmi funtions and their

omposite are in�nitely di�erentiable C∞
on their domain of de�nition.

1.9 Limit of the derivative funtion at a point

To study the di�erentiabilityof a funtion at a point, we are used to omputing the di�erene

quotient. There exists another method with this theorem :

Theorem 5. Let I be a real interval, a an element of I, f a funtion of di�erentiability lass

C1
on the set I \ {a} whih is ontinuous at the point a. If its derivative funtion f ′

admits a

limit l at a, then
f(x)− f(a)

x− a
has the same limit l when the variable approahes a, thus :

1. If lim
x→a

f ′(x) = l ∈ R then f is di�erentiable at a and f ′(a) = l so f ∈ C1(I)

2. If lim
x→a

f ′(x) = ±∞ then f is not di�erentiable at a and its urve has a vertival tangent

at the point (a, f(a))

3. Si lim
x→a+

f ′(x) = l1 et lim
x→a−

f ′(x) = l2 ave l1 6= l2 then f is not di�erentiable at a, and the

graph of f has two half-tangent of respetive slopes l1 and l2.

4. If lim
x→a

f ′(x) does not exist, we an't say anything about the di�erentiability of f at a.

Remark 4. In the �rst two ases, this theorem allows to draw onlusions, but not in the third

ase for whih we have to study the di�erene quotient lim
h→0

f(a+ h)− f(a)

h
.

Example 15. Let's de�ne g by R par : g(x) =

{

x2 sin
1

x
si x 6= 0

g(0) = 0
.

Prove that g′ has no limit at 0, while g is di�erentiable at 0.

2 Di�erential of a funtion

2.1 Di�erential at a point

Let a ∈ I with I an interval of R and let f : I → R be a funtion, di�erentiable at a then we

get

lim
x→a

f(x)− f(a)

x− a
= f ′(a)
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thus

lim
x→a

f(x)− f(a)

x− a
− f ′(a) = 0

whih may also be written as

f(x)− f(a)

x− a
− f ′(a) = ε(x) ave lim

x→a
ε(x) = 0

and ∆x = x− a et ∆y = ∆f = f(x)− f(a), �nally we have

∆y = ∆xf ′(a) + ∆x.ε(x) ave lim
∆x→0

ε(x) = 0 (3)

De�nition 5.

The di�erential of a funtion f at a point a is de�ned as follows :

dfa : x → f ′(a)x

Ainsi (3) devient :

∆y = dfa(∆x) + ∆x.ε(x)

We may also write dfa = dy

Example 16.

Finf the di�erential of the square funtion and of the identity funtion.Caluler les di�érentielles

de la fontion arrée et de la fontion identité.

Remark 5.

We note that the di�rential of a funtion is a linear map.

2.2 Approximation of ∆y by dy

Draw on the piture below : ∆x, ∆y, dy(∆x) et ∆xε(x).

dx in mathematis :

dx is the di�erential funtion of the identity funtionid(x) = x

dx : x → x
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thus we have this equality of funtions

dfa = f ′(a)dx

dx in physis :

In physis, when the inrement of x is very small (in�nitesimal) we denote this inrement by dx
instead of ∆x. This whih means that we mix up the funtion dx and the image of ∆x under

this funtion dx :

dx(∆x) = ∆x

This equality is true whatever is ∆x.
It is important to note that ∆x = dx, however we don't have the same equality for ∆y and dy.

Theorem 6.

∆y ≃ dy when ∆x approahes 0.

Proof 1.

Let's write the relationship between ∆y and dy, let's dedue the approximation.

Thus the di�erential funtion dy is an approximation of the inrement of the funtion ∆y
when ∆x approahes 0.

Remark 6.

� So

dfa
dx

an be viewed as a notation or as a qotient of two di�entials of funtions.

� From dfa = f ′(a)dx to

dfa
dx

, we get the impression that we divide by dx, but those are just

two di�erent notations : one is a notation between two di�erential of funtions, while the

other notation refers to the derivative.

Example 17.

Those notations are useful but we have to be areful.

Let's onsider the surfae of a irle of radius R and of diameter D = 2R.

Thus we get S = πR2
or S = π

D2

4
.

Di�erentiate those equalities. What do you think ?

Express dS in two di�erent ways, in terms of dR and in terms of dD.

Example 18 (in eletriity).

A resistane R, with at its terminals a potential di�erene U, is traversed by a urrent DC with

an intensity

I =
U

R
.
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� What is the inrement of the intensity for a in�nitesimal inrement of U ? Compute it with

R = 100Ω and an inrement of U equal to 1 volts.

� What is the inrement of the intensity for a in�nitesimal inrement of R ? Compute it with

R = 100Ω , U = 100V and an inrement ∆R = 1 ohms .

2.3 Operations on di�erentials of funtions

To ompute di�erential of funtions, we may use de�nitions and rules to ompute derivatives

or we may use the following properties (whih are similar) :

Theorem 7.

Let λ ∈ R, f, g : I → R two di�erentiable funtions on I, then :

(i) f + g is di�erentiable on I and d(f + g) = df + dg

(ii) λf is di�erentiable on I and d (λf) = λdf

(iii) fg is di�erentiable on I and d (fg) = df.g + f.dg

(iv) If for all x in I g(x) is distint from 0 then
f

g
is di�erentiable on I and d

(

f

g

)

=
df.g − f.dg

g2

Theorem 8. Let I, J be two real intervals R, and f : I → R, g : J → R suh that f(I) ⊂ J .
If f is di�erentiable on I and if g is di�erentiable on J then gof is de�erentiable on I and

d (gof)a = dgf(a) ◦ dfa.
Example 19. Let's deine h by h(x) = ln |cosx|. With the previous notations, let's determine

I, J , f et g and ompute the di�erential of this funtion h.

3 Logarithmi Di�erential

De�nition 6. Let f be a di�erentiable. For all x suh that f(x) 6= 0 the funtion ln |f(x)| is
di�erentiable.

The logarithmi di�erential of f at a is the di�erential funtion of ln |f | at a.
Theorem 9.

d ln |f |a =
dfa
f(a)

Proof 2.

Example 20.

Compute the logarithmi di�erential of eah following funtion at x :

f(x) = esin(x) et g(x) = 2x+ 1.

The logarithmi di�erential

dy

y
is an approximation of the relative inrement

∆y

y
whenthe

inrement of x is ∆x. It is used for unertainty alulus in physis.
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3.1 Produt and quotient of logarithmi di�erentials

Theorem 10. Let f and g be di�erentiables funtions suh that f(x) 6= 0 and g(x) 6= 0

(i) If y = f.g then

dy

y
=

df

f
+

dg

g

(ii) If y =
f

g
then

dy

y
=

df

f
− dg

g

Proof 3. Prove the relationship for the produt :

Workouts TD n°1-4

Exerise 1. The urve below represents the distane x traveled by a ylist versus time t in
minutes .

1. Give the expression of the veloity of the ylist (using notations given in the text).

2. Graphially :

(a) Let's determine its veloity at t = 15′ ?

(b) When do we have the highest veloity (in km/h) ?

() When do we have the lowest veloity ( in km/h) ?

Exerise 2. Is it possible to write the following notions as a di�erential oe�ient ?

1. The water �ow to the valve outlet.

2. The instantaneous aeleration of a ar.

3. The water level of a river at a given time and plae .

Exerise 3. Are the following funtions derivative at 0 :
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1. f : x 7→ x|x|
2. g : x 7→ x

1 + |x|

3. h : x 7→ 1

1 + |x| .

Exerise 4. Let's de�ne f by :

{

f(x) = x2 − 1 si x < 0
f(x) = x2 + 1 si x > 0

.

Prove that at x0 = 0, f is right di�erentiable but not left di�erentiable.

Exerise 5. Let's study the di�erentiability at 0 of f : x 7→







√
1 + x−

√
1− x

x
si x 6= 0

1 sinon

Exerise 6. Let's assume that f is di�erentiable at x0, ompute the following limits :

1. lim
h→0

f (x0 − h)− f (x0)

h

2. lim
h→0

f (x0 + h)− f (x0 − h)

h

3. lim
h→0

f 2(x0 + 3h)− f 2(x0 − h)

h
.

Exerise 7. Extend by ontinuity at 0 and study the di�erentiabillity

1. f(x) =
√
x ln x.

2. g(x) =
ex − 1√

x
.

Exerise 8. Compute f ′(x) for

1. f(x) =
sin x

1− cosx

2. f(x) =
x− 1

|x+ 1|

3. f(x) =
1√
x3

4. f(x) =

√

x+ 1

x− 1

5. f(x) =
√

1 + x2 sin2 x

6. f(x) =
exp(1/x) + 1

exp(1/x)− 1
.

7. f(x) = ln

(

1 + sin(x)

1− sin(x)

)

8. f(x) = (x(x− 2))1/3.

Exerise 9. Compute the derivatives

1.

dH

dω
ave H =

Rω

1− ω2

2.

di

dR
ave i =

CR2ω

1− LR

3.

dx

dt
ave x =

√

mt2 + pt

4. Chek 1. using dH .

Exerise 10. The top of a ladder of length l slides along a vertial wall that rests on level

ground . If the speed of the top of the ladder is V0 , what is the speed of the foot of the ladder ?

Note : think of the variation in the length of the ladder.

Exerise 11. Let's de�ne the funtion f by :

{

cos x− 1

sin x
pour x ∈

]

0;
π

2

]

f(0) = 0
.

Let's study the di�erentiability of f on its domain of de�nition and get f ′
.
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Exerise 12. Is the funtion f : x 7→ cos
(√

x
)

di�erentiable at 0 ? C1
at 0 ?

Exerise 13 (Leibnitz's formula). Let u and v be two n-th di�erentiable funtions on an

interval I, the n-th derivative of this produt on I is :

(uv)(n) =

n
∑

k=0

(

n
k

)

u(k)v(n−k).

1. Copute �rst the n-th derivative of this funtion x 7→ x2ex.

2. Prove Leibnitz's formula by indution.

Exerise 14. Let's de�ne f :











R → R

x 7→ ex si x < 0

x 7→ ax2 + bx+ c sinon

Find a, b, c suh that f is C2
(and C3

?).

Exerise 15. In eonomis , we all marginal ost the additional ost of produing one more

unit .

1. Express the marginal ost.

2. Let's denote C(q) the ost to produe q units, we write that the marginal ost is

dC

dq
.

Comment this formula.

Exerise 16.

Calulate the following di�erentials :

1. f(t) = t ln(t)

2. f(t) =
t

sin t
3. f = r cos θ, r and θ are funtions depends on t.

Exerise 17.

Calulate the di�erential logarithmi of :

1. f(t) =
rα(t)

θβ(t)

2. f(t) =
t

sin t
3. f(t) = r(t)θ(t)

4. f(t) = r(t) + θ(t)

Exerise 18. A stone thrown into a lake produes onentri waves . If the radius of the wave

grows at the rate of 5 m per seond , how fast inreases the irular surfae of this wave when

R = 12m?

Exerise 19. Given the funtion y = 2x3+6, what is the value of x at the point where y grow

24 times faster than x ?
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Exerise 20. The indutane of a oil is in henrys :

L =
4πN2S

l.109

S setion of the oil in m

2
, l, its length in m, et N its number of turns .

Compute an approximation for ∆L, if l inreases of 1 m knowing that :

N = 500, S = 500, l = 50.

Exerise 21. In a oil, the o�set of the urrent on the voltage , AC , is given by tanϕ =
Lω

R
et ω = 2πf .
We have L = 100 H, R = 50 ohms, f = 50 Hz.

1. If the inrement of f is ∆f = 2 Hz, ompute an approximation for ∆tanϕ.

2. If the inrement of R is ∆R = 5 ohms, ompute an approximation for ∆tanϕ.

Exerise 22. The length and width of a retangular metal plate are growing at the speed of

0, 1% by degree. What is the perentage hange in degree of its range ?
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