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Study of usual functions

Objectives
¢ Know and apply the procedure for analyzing a function.

e Be familiar with standard functions.

1 Conducting a function analysis

1. Determine the domain of f.

2. Determine the interval of analysis for f : depending on the properties of f, it may be
possible to analyze f over an interval smaller than the domain; this is then called the
interval of analysis.

e Is f even or odd?

Definition 1. Even function
Let f be a function defined on a set I C R. We say that f is an even function if :

— [ is symmetric about the origin.

- Ve el, f(—z)= f(z)

Example 1.
Are the following functions even on their domains ?
22+ cosz +1
fl@)=——7——; gla) =2z +2
—lz| =1
Property 1.

A function is even if and only if its graph in an orthogonal coordinate system is
symmetric about the y-axis.

Example 2.

Verify the previous property using a graph.

Definition 2. Odd function

Let f be a function defined on a set I C R. We say that f is an odd function if :

— [ is symmetric about the origin.
—vVeel, f(-z)=—f(z)

Example 3.

Are the following functions odd on their domain of definition ?
—23 +sinx

f(f):gﬂ—+1 ; g(@) =20 +2
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Property 2.
A function is odd if and only if its graph in an orthogonal coordinate system is
symmetric with respect to the origin.

Example 4.
Verify the previous property using a graph.
e Is f periodic ? We will study this in the section on trigonometric functions.

3. Determine the limits at the boundaries of the domain of definition.

4. Determine the domain of differentiability, calculate the derivative, and draw up the
table of variations. Specify key values : the boundaries of the domain of study, and the
points where the derivative is zero or undefined.

5. Notable graphical features

e Infinite branches :
An infinite branch exists if x or f(z) tends towards 400 or —oo.

— Case 1 : lim f(x) = £o0o : vertical asymptote z =
T—T0

— Case 2 : lirin f(x) = yo : horizontal asymptote y = yo
T—>T00

— Case 3 : liin f(z) = +oo. Further details on this aspect can be found in the
T—r 00

chapter on asymptotic expansions. In certain simple cases, you can determine
an equivalent for the function as x — 4o00. The shape of the curve resembles
that of the equivalent found.

Example 5.

2 — 322
Determine the infinite branches of the function f defined by f(x) = +§
T

e Notable tangents :

(a) If the derivative is zero : horizontal tangent

(b) If the derivative or the rate of change tends to +00 or —oo : vertical tangent;
point of non-differentiability.

(c¢) One-sided tangents : obtained by considering f only to the right or only to the
left at a point xg

1.1 Image of an interval under a continuous function

Definition 3.
Let I be a subset of R. The image of I under f is the set of all real numbers f(z) where x € I.
This set is denoted by f(I), so f(I) ={f(z) |z € I}.

Example 6.
Determine f(I) with I = [—1;3] eand f the square function.

Property 3.
The image of an interval under a continuous function is an interval.

Example 7.
: : w T : :
Find the image of [Z’ Z} under the sine function.

2
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Property 4.

Let f be a continuous function on an interval [a;b)].
If f is increasing, the image of [a,b] under f is [f(a); f(D)].
If f is decreasing, the image of |a,b] under f is [f(b); f(a)[.

Example 8.
Show that if f is continuous and not monotonic, the previous property does not hold.
Remarque 1.
e If f is defined on |a;b] and has a limit at a, then f(a) is replaced by lim f(x).
Tr—ra
e The previous property can also be applied to any type of interval.

Remarque 2. The previous proposition allows one to determine the image of I under f using
a variation table.

Example 9. Re-derive the results of the previous examples using a variation table.

1.2 Functions bounded above, bounded below, and bounded

Let f be a real-valued function defined on a domain denoted by D.

Definition 4. Upper bound, least upper bound (supremum), and mazimum.
Let f be a bounded function on an interval [a, b].

e An upper bound of f on [a,b] is a real number M such that for all « € [a,b], f(z) < M.

e The least upper bound (or supremum) of f on [a,b] is the smallest of the upper bounds.

It is denoted by sup f(z).
z€[a;b]

e The maximum of f on [a,b] is a real number M such that for all z € [a,b], f(z) < M,

and there exists x¢ € [a,b] such that M = f(zy). It is denoted by m[a%] f(z).
z€[a;

The concepts of lower bound, greatest lower bound (infimum), and minimum are defined in the
same way.

Example 10.
Are the following statements true or false ?

1. An upper bound is a maximum.
2. A maximum is an upper bound.
3. A bounded function always has a maximum on |[a, b].

4. A bounded function always has a least upper bound on [a, b].

Example 11.

Prove that the function f defined on R by f(z) = [sin()|

= —— "~ is bounded on R.
2 + cos(z)
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2 Exponentials, logarithms, powers

2.1 Exponential

Definition 5. .
There exists a unique function from R to R, called the :
exponential function and denoted by exp, which is diffe- .
rentiable on R such that : :

exp(0) =1 : y=¢
exp'(z) = exp(x), Vo € R

By definition, exp is continuous and differentiable on R. .

Functional equation

. . exp(z +y) = eXp(l"l)- exp(y)
z,y S : exXpl—x) =
p(—z) exp(z)

We define e = exp(1) and denote exp(x) as e”.

Variation
Vr € R, exp(z) > 0; since exp’ = exp, the function exp is strictly increasing.

Limits at the boundaries
lim e* =400 lim e®* =0

T—r+00 T——00

The curve of exp has a horizontal asymptote at —oo with the equation y = 0, i.e., the x-axis.

Comparative growth rates

Yo € R™, lim — = 400
T—+o00 I
Va € R™, lim |z|%" =0
Tr—r—0o0
Limit to know
et —1
lim =1
r—0 x
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2.2 Natural logarithm

Definition 6.

The natural logarithm function, denoted by In, is the in-
verse function of exp, since exp is a bijection from R to
]0; +-00[. The function In is therefore defined from |0; +o00|
to R.

Variation
In follows the same pattern of variation as exp ; thus, In is continuous, differentiable, and strictly
increasing on ]0; +o0/.
Derivative
1 1 1

In'(z) = = = —
v >0, lu'(z) exp/(Inz) en®  x

Limits at the boundaries

Iim Inz = —c0 lim Inz = +o0
z—0t T—>+00

The curve of In has a vertical asymptote at 0.

Functional equation

In(zy) = In(z) + In(y)

In—=—-Inz
T

Vx,y>0:{

Comparative growth rates

Va € R™, lim — =0

z—+oo %

Va € R™, lim 2%lnx =0
z—0t

Limit to know
. In(1+2)
lim ————=~
x—0 x

=1

Example 12. Study the function f : z +— In(1 + %)
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2.3 Exponential and logarithmic functions with arbitrary base

2.3.1 Exponential functions with arbitrary base

Definition 7.
Let a > 0. For any x € R, the exponential function with
base a is defined as :

a® = exp(zlna) = e”"¢

Thus, studying an exponential function with base a re-
duces to studying a standard exponential function of the
form e**.

2.3.2 Logarithm functions with arbitrary base

Definition 8.
Let a > 0 and a # 1. For any x > 0, the logarithm with
base a is defined as :

Inz

log,(7) = na

Similarly, studying a logarithm function with base a re-
duces—up to a multiplicative factor—to studying the In
function.

2.3.3 Decimal logarithm function

A logarithm function with base 10 is called the decimal logarithm and is denoted by log. This
function is the inverse of the exponential function with base 10 : x — 10%. It is therefore used

when dealing with powers of 10.

Example 13. For example, in chemistry, we have the formula : [H] = 107", Deduce the pH

in terms of the [H "] concentration.
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2.4 Power functions

Definition 9.
For a € R, we define :

o R =+ R
R W N
with z% =e¢

Thus, here too, the problem reduces to the study of a
standard exponential function, except in cases where « is
a natural number (standard power function), a negative
integer (reciprocal of a standard power function), or a

alnz

rational number, where we have : za = /P,
2.5 Comparative growth
Let a > 0 and a,b > 1 : we have :
a” log, x
lim — =400 lim —2L _ lim 2 log, © = 0
rz—+oo ¢ r—+oo % z—0

This summarize as follows : +o00 :

logyz < 2% < a”
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3 Circular functions

3.1 Periodic function

Definition 10.
Let T be a real number, and f a function defined on a set I C R. A function f is said to be
T-periodic, or to have period T, if :

eVrel z+Te€l
evVzxel, flx+T)=f(x)

Example 14.
2

Let f be the function defined by f(¢) = cos(wt) for real ¢. Show that f has period T In
w

physics, w is called the angular frequency.

Proposition 1.
Let a, b, and w be three real numbers. Then there exist three real numbers ¢, ¢, and A such
that :

for any real number ¢ : a cos(wt) + bsin(wt) = Asin(wt + ¢) = A cos(wt + ¢')

b
We have : A = Va?+ b2, tan ¢ = %, and tan¢ = ——
a

The previous property translates to the following in physics : the sum of two sinusoidal signals
with the same angular frequency (and thus the same period) is a sinusoidal signal with the
same angular frequency (and thus the same period) and a phase shift of ¢.

Example 15.
Prove the previous property, then write the expression cos 2x +sin 2z in the form Asin(wz + ¢).

3.2 The unit circle

OH = cosx /|
MH = sinx~ |-
NT = tanx~
e
Deux cotes communs et
les troisiémes paralléles.

OH HM IE.::osxi sinx
OT NT 1 tanx
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3.3 Common trigonometric functions

Nom sinus

Notation sinx

Depa’rt et R — [=1.1]

arrivée

Parité Impaire

Période o7

Dérivée cosY

Monotonie Croissante sur [ —z/2,7/2]

1

Courbe
représentative

Example 16.
Study the function f:x +— tanx —

tan x

3.3.1 Notable values

T | | m |7
0 I I A
0 6 4 3 2
2 1
cos(f) | 1 ﬁ £ - |0
2 2 2
1 2
an@) |0 L[ ¥V2| V3],
2 2 2
1
tan() [0 —= | 1 | V3
o]

cosinus

COsSX
R—[-11]

Paire

2T

—sinx

Décroissante sur [0, 7]

tangente

tanxy

4

T

R\{- +kr, k€EZ} - R

o

Impaire
T

1

2
l+tanx = —
COs8™ X

Croissante sur
1-=/2,7/2]

0 0
-m/2 0 w2 r\ //fuz 0 “\L /2 0 o
-1 -1 -14
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3.3.2 Trigonometry formulas

cos(—x) = cos(x) sin(—z) = — sin(z)

cos(m — x) = —cos(x) sin(r — x) = sin(z)

cos(m 4+ x) = —cos(z) sin(w + ) = —sin(x)

Cos(g — ) = sin(x) Sm(g — ) = cos(x)

cos(g + ) = —sin(x) Sm(g + ) = cos(z)
3.3.3 Sum

e cos(a+ b) = cos(a) cos(b) — sin(a) sin(b)
e sin(a + b) = cos(a) sin(b) + cos(b) sin(a)

3.3.4 Linéarisation

o cos?(a) = H#S(Za)
e sin’(a) = 1= cos(2a) cgs(Qa)

e sin(a)cos(a) = %sin(Za)

3.3.5 solving a trigonometry equation
Solving an equation as cos(x) = cos(a)
a=b+2kr, keZ (1)
cos(a) = cos(b) & ¢ ou
a=—-b+2k'r, K eZ (2
Solving an equation as sin(x) = sin(a)
a=b+2kr, keZ (1)
sin(a) = sin(b) < ¢ ou
a=7m—b+2k'n, K €Z (2)

Solving an equation as tan(x) = tan(a)

tan(a) = tan(b) < a=b+kr, k€ Z

10
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4 Hyperbolic functions

4.1 Hyperbolic cosine and sine

Definition 11. By analogy with Euler’s formulas, the hyperbolic cosine and hyperbolic sine
are the functions from R to R defined by :

et + e %
cosh:z—~ ———

er —26*‘”
sinh : z — 5

Continuity and differentiability
cosh and sinh are continuous and differentiable on R.

Complete the properties of cosh and sinh.

Parity
e The function coshis an ......cocoeveveeneinnn.. function.
e The function sinh 1S an ...coveenveevevieenienn, function.
Derivative
cosh’'(z) =
vz eR, { sinh’(x) =
Variation table
z x
chx sh z
Sign

For all z € R, cosh(z) is ..c.cccee..
sinh(x) changes sign at .............

Hyperbolic trigonometry
There are many formulas relating cosh and sinh, but this one is fundamental :
Vz € R, cosh? z — sinh?z = 1

Example 17. Prove the above equality.

Comparison

Since coshx — sinhx = e * for all z € R, we have : lir+n (coshz — sinhz) = 0. The curves of
T—>r+00

1
the functions cosh, sinh, and = — 5636 are said to be asymptotic.

11
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Proposition 2.
Vx € R, cosh(2x) = cosh? ¥ + sinh® z and sinh(2x) = 2 cosh  sinh =

Example 18. Prove the above property.

& ch
2 /]
3 /y
g,
4/
7,
2 7
,I
y =shx 1 =}ex —/,
y 2° - -
Blia a3y A 300 -2 0 -1 0 1 2
i
-1
H
i3
h 2
5 T 3 3 7] 4
5 -3

4.2 Hyperbolic tangent
Definition 12. We call the hyperbolic tangent the function th defined on R by :

shx e*—e® e22_1 11—
Vr € R,the = = = =
. . chrx e*4+e® e24+1 14e 2

Continuity, differentiability
The function th is continuous and differentiable on R.

Parity
The function th is ..............

Derivative

Variation table

T
th z

12
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4.2.1
Nom
Définition

Départ et
arrivée

Parité
Dérivee
Monotonie

Limites

Courbe
représentative

Formules

sinus hyperbolique

shy =

R—R
Impaire
chx

Croissante

lim__, , shx= +o

chz(.‘c} = shz(x} =1

Summary of hyperbolic functions

cosinus hyperbolique

ef+e ¥

chx =

R — 1, +oof
Paire
shx

Croissante surR

llmx_. _xchx = +w

13

tangente hyperbolique

I = shx ef—e '
the = chx e+e
R -1 1
Impaire

1
1 —th’x = =
ch* x

Croissante

llﬂlx_ _T_tht =1
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5 Graph Transformations

5.1 Introduction

Part A) Experimentation
1) Sketch the graph of the exponential function.
2) Sketch the graphs of the following four functions on paper : —exp(z); exp(z) + 1;
exp(z) — 1; 2exp(z).
3) What geometric transformations map the graph of the exponential function to the
sketched graphs?
4) Answer the same questions for the four functions : exp(—z); exp(x+1); exp(x —1);
exp(2zx).
Part B) Statement of correspondences
Match each formula to its corresponding geometric transformation, specifying the details

if possible.
(a) —f(x); (1) vertical shift up;
(b) f(x)+1; (2) vertical shift down;;
(¢) flx)—1; (3) horizontal shift left ;
(d) 2f(z); (4) horizontal shift right ;
(e) f(—=z); (5) reflection across the x-axis;
(f) flx+1); (6) reflection across the y-axis;
(g) flz—1); (7) vertical stretch by a factor of 2;
(h) f(2x). (8) horizontal compression by a factor of 1/2.
Part C) 1) Which formula corresponds to a homothety (scaling transformation) with a ratio of

2, centered at the origin ?
2) To a rotation of half a turn, centered at the origin ?

5.2 Summary

Some functions have analytical expressions constructed from a standard function. These func-
tions are said to be associated with a reference function. Studying this type of functional
relationship allows their graphs to be obtained quickly and easily.
Let f and g be two numerical functions, defined on D; and D respectively, with graphs Cy
and C, respectively in the orthonormal coordinate system (O, i j)

5.2.1 Translations

Theorem 1 (Vertical translation).
If g(x) = f(x) + k with k € R
Then C, is the image of C; under the vertical translation by vector kj.

Theorem 2 (Horizontal translation).
If g(z) = f(x + k) with k e R
Then C, is the image of C; under the horizontal translation by vector —k:.

14
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5.2.2 Symmetries

Theorem 3 (Symmetry about the z-axis).

If g(z) = — f(2)

Then C, is the image of C; under reflection across the z-axis.

Theorem 4 (Reflection across the y-axis).

If g(x) = f(~2)

Then C, is the image of C; under reflection across the y-axis.

Theorem 5 (Point reflection centered at O).

If g(x) = —f(—x)
Then C, is the image of C; under point reflection centered at O.
5.2.3 Scaling

Theorem 6 (Vertical scaling).
If g(z) =k - f(x) with £ >0
Then C is the image of C; under vertical scaling by a factor of k.

Theorem 7 (Horizontal scaling).
If () = f(k-x) with £ >0

1
Then C is the image of C; under horizontal scaling by a factor of T

Theorem 8 (Homothety centered at O with ratio k).
1
Ifg(x):k:-f(g-x) with £ > 0
Then C is the image of C; under a homothety centered at O with ratio k.

15
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Exercises

Tutorial 1-2

Exercise 1.
Analyze the following functions :

L. f(z)=Va?+zx+1

2. f(x) = zes

3. frx— T
Exercise 2.

Determine whether the following functions are bounded above, bounded below, and/or bounded
on an interval I of your choice :

1. f(z) ="
1
210 =g

Exercise 3.
1
1. Determine the image of | — 5;0] under the function f defined by f(x) = —7
x J—
2. Solve the inequality —3 < 2 < 7 in R.
3. Determine the set of real numbers I such that f(I) = J for the function f defined by

flz) =e™ and J = [-2;5].

Exercise 4. Let n > 1 be an integer. For each of the following functions, determine the
supremum, the infimum, and the minimum/maximum (if they exist) on the given interval.

L. fu(z) =2"e * on [0, +o0l.

et —1
2. gn(x) = ——on 10, +00.

6 TD3-4

Exercise 5.
Calculate the exact values of these expressions
(—37r) (57r) ) (1237r) (7r) ) (7T)
cOoS cos(—) sin cos(—) sin(—
4 6 6 12 12

Exercise 6.
Find the smallest period of the following functions :

1. fi(z) = sin(3z) 3. fi(x) =sin(3z) — COS(%I)
- tan(4x
2. fi(r) = cos(wx + Z) 4 filz) = tanEZmi

16
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Exercise 7.
Solve the following equations in R and in [0; 27].

1. sin(2z) = sin(g) 3. tan(3z) = 1
m
2. cos(3z + ) = cos(5)) 4. sinz +sin(2z) = 0

Exercise 8.
Solve the following inequalities on R.

2
. cos(3z +7) > —g

N | —
[\

1. sin(2z) <

3. tan(3z) > 1

7 Tutorial 5

Exercise 9.
Study the following function :

20 — 1
1.h:x»—>cosh(x )
r+1

Exercise 10.
Express cosh(z) in terms of sinh(x) and sinh(2z).
o - 1 .
Simplify u,, = H cosh (§>, and deduce lim wu,.
p=1

n—-+o0o

8 Tutorial 6

Exercise 11.
Let f be defined on R by f(x) = 2® —2z — 3. Here is its graph in a Cartesian coordinate system,

alongside the parabola with the equation y = z* :

17
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Y

e What geometric transformation appears to yield Cy from P?

e Prove this by calculation.

Exercise 12.
1. Sketch the graph of the function f defined by

2e+5 ifre|-3,-2
flx)=<1 if z € [-2,1]
—x+2 ifxell,h

2. Let h be the function defined by h(x) = —f(x).
Specify the associated transformation, then provide the graph and the expression for h.

3. Same question for i(z) = f(—x)
4. Same question for g(z) = f(z +1) + 2

Exercise 13.

1. Sketch the graphs of the following functions as quickly as possible. Start by sketching the
graph of the basic function involved (sine, cosine, etc.).

fi(x) = sin(z) +1; fo(r) = —cos(x); f(x) = In(—x)
2. More difficult : f7(x) = 2sin(z) + 1; fs(z) = In(2z + 1)

18



	Conducting a function analysis
	Image of an interval under a continuous function
	Functions bounded above, bounded below, and bounded

	Exponentials, logarithms, powers
	Exponential
	Natural logarithm
	Exponential and logarithmic functions with arbitrary base
	Exponential functions with arbitrary base
	Logarithm functions with arbitrary base
	Decimal logarithm function

	Power functions
	Comparative growth

	Circular functions
	Periodic function
	The unit circle
	Common trigonometric functions
	Notable values
	Trigonometry formulas
	Sum
	Linéarisation
	solving a trigonometry equation


	Hyperbolic functions
	Hyperbolic cosine and sine
	Hyperbolic tangent
	Summary of hyperbolic functions


	Graph Transformations
	Introduction
	Summary
	Translations
	Symmetries
	Scaling


	TD3-4
	Tutorial 5
	Tutorial 6

