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FUNCTIONS OF TWO VARIABLES

In this section, A is a part of R?, it could be a disk, a parabola, an ellipse...

1 Generalities

1.1 Functions from R™ to RP

We already studied in mathematics real-valued functions of one variable (one variable and
its image is a real number), and we may also haver n variables and its image can be a vector
of length p thus we have a function from R™ to RP.

Example 1. Find n and p in the following examples :

x(t) =cost
1. we consider the trajectory of a point M in space with those equations ¢ y(t) =3sint
z(t) =2t —3

2. the vector field V(x + 2y;3y + z,x> — xy)
3. the scalar potential f(x,y,z) = —2x+ 3y + 2z

Definition 1. A function from R" to RP is defined as follows :

(XHXZ» sy Xn) - (fl (thlv 3 Xn)) fZ(Xl y X2y ooy Xn)) sy fp (XHXZ) ceey Xn))

We will focus on the case where n =2 et p = 1. It is easy to generalize when n > 2 by adding
coordinates

1.2 Functions of two real variables

Let’s denote F(A,R), the sset of functions from A to R. A function of two variables is defined

as follows :

A — R
f:
(X)y) = Z:f(x)y)

For instance, the relationship PV = nRT for idea)lc 1fases, allows to express T in function of P
and V. We thus have T = f(P, V) with f(x,y) = R
By the graph of a function of two real variables, we mean the graph of the equation z = f(x,y)

which is a surface in R>.
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To draw a surface, softwares use level set : softwares trace the lines Cy where the variables z
of M(x,y, f(x,y)) is constant and equal to k.

Example 2. For the function f(x,y) = x* +y?, trace level set C, in the plane for k € {0;1;2;3}.
Taking successively x = 0 and y = 0, and f(x,y) = k, deduce the sketch of the surface

Definition 2. Partial functions of R?

Let’s consider f: A — R and My(xo,Yo) € A. Partial functions of f at the point M, are real
valued functions of one variable. Indeed partial functions deal with the simplest case where
only one of the two independent variable is changing and the other is held constant :

fyo o x = f(x,Yo)
fxo Yy f(XO»y)
(2 —y) cos(xy)

14+ x2
Determine its partial functions f at the point (0;1).

Example 3. Let’s consider f(x,y) =

2 Limits, continuity at a point

2.1 Definitions and properties

Let f be a real-valued function defined on a set U of R?> and M, a point of R?. We denote
d(A, B) the distance between the points A and B,

AB = d(A,B) = ||AB|| = y/x? + 2

with x =xp — X and y =y, — Y

Definition 3. Finite Limit
We say that lim f(M) =1if:
MHMO

for all non zero distance ¢ (as small as possible), there always exists an open disk of centre
M, such that for all point M belonging both to the disk and the domain of definition, the
gap between f(M) and 1 is lower than ¢. Thus :

Ve > 0,30 > 0/VYM € U, d(Mo,M) < o = [f(M) — 1 < &

2
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Example 4. Evaluate lim f(M) with f(M) = f(x,y) = sin (xz + yz).
M—0
Definition 4. Infinite limit
We say that Mhr]r\l/l f(M) = +oo if and only if : for all real number A (as big as we want),
— Mo
there always exists an open disk of centre My, such that for all point M belonging both to
the disk and the domain of definition, f(M) is greater than A.
VA € R,3x > 0/YM € U, d(My,M) < ax = f(M) > A
Definition 5. Infinite limit
We say that th\l/L f(M) = —oo if and only if : for all real number A (A < 0 and |A| as big as
— Mo
we want), there always exists an open disk of centre My, such that for all point M belonging
both to the disk and the domain of definition, f(M) is lower than A.
VA € R,3a > 0/YM € U,d(My,M) < ax = f(M) < A
1

Example 5. Evaluate z\l/%E}o f(M) with f(M) = f(x,y) = m

Theorems studied for functions of one variable can be transposed for functions of two va-
riables. In particular we have the sandwich theorem :

Theorem 1. Let’s consider f : A — Rand g : A — R such that for all (x,y) in the neighborhood
of (x0,Yo), wehavelf(x,y)| < g(x,y) then:if lim g(x,y) =0then lim f(x,y)=0

(ny)H(XO»UO) (va)g)(x()yyo)

Definition 6. f is said to be continuous at (x¢,yo) if and only if : th\l/L f(M) = f(My).
— Mo

2.2 How to compute a limit

Let M, be a point of the frontier of the domain of definition or outside the domain

2.2.1 The function has alimit at M,

To compute a limit we may use inequalities.
Example 6.
Let’s define f by f(x;y) =

xy?

x2 +y?’

"

1. Prove that [xy| < =(x* +y?).

2

2. Deduce that |f(x,y)| < M

2
3. and conclude for the limit of f at (0,0).

Remark 1. We may also use polar coordinates setting : x =rcos0 et y =rsin0 :
((x,y) — (0,0) & (r — 0 and O any)

Example 7. Solve the previous example using polar coordinates.

3



INSTITUT NATIONAL

‘ DES SCIENCES
APPLIQUEES
CENTRE VAL DE LOIRE

1A 2020-2021

2.2.2  The function has no limit at M,

Proposition 1 (Path rules).
Let u and v be two continuous function such that ILm u(x) =yo and UILI{JI v(y) = xo. If f has
X—X0 0

a limit 1 at (xo,yo) then we get lim f(x,u(x)) =let lim f(v(y),y) =1
X—X0 y—Yyo

Remark 2. Be careful as the converse is false : if f admits equal limits on several paths, it does
not mean that f has a limit.

By contraposition,

Proposition 2.
If the limits on two different paths are not equal then we may deduce that f has no limit at

(%0, Yo)-
We will often use this property to prove that f has no limit.

Example 8. Prove that the function defiined by : f(x,y) = xzj—yyz has no limit at (0, 0).

Remark 3. We may also use this change of variables x = rcos 0 and y = rsin 0 and prove that
f(x,y) depends on 0 as r approaches 0.

Example 9. Solve the previous example with this method.

3 Partial derivatives

3.1 Definition

Let U be an open set of R? and f be a function from U to R. f admits partial derivatives at
f(xo + t,yo) — (%0, Yo) and Lim f(x0, Yo +t) — f(x0, Yo) are
t t—0 t

the point My(xo,yo) if both %11%
5
finite. This is denoted by :

of f t _f
&(Xoﬂjo) :lin(w)_ (xo + t,Yo) — f(x0, Yo)
i(x ) = lim f(x0, Yo + tJS — f(x0, Yo)
ay 0yYo) = Jm "

Values taken by partial derivatives are those taken by the derivatives of the partial functions
fyx, and fy,.
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Example 10. Compute the partial derivatives of f(x,y) = x*y® + e*.

Example 11.
Let f be the function of R? defined by :

f(x,y) = (x*+y?)sin 1 si (x,y) # (0,0)
/X2 +y?
£0,0) = 0

Let’s determine g(o, 0)
0x

3.2 Functions of differentiability class C'

Let f be a function from U to R such that for all points in U its partial derivatives exist. f
is said of differentiability class C' on U if and only the partial derivatives of f are continuous
on U. We denote by C'(U) the set of all functions of differentiabilty class C' on U. This is a
sub-vector space of F(U,R).

Example 12.
Id the previous function 11 of differentiability class C' on R?

3.3 Partial derivatives for composition

Property 1.
Let f be a function from R? to R defined by f(X,Y) and ¢ a function R? to R? such that

d)(x»y) = (cl)1(x,y),d)2(x,y)).
Let’s define g by g(x,y) = f(d(x,y)).

We thus get :
29 (x0r W) = (060, 40)) St (xty o)+ (0 U)) 2 ()
(50, 0) = 55090k, 10)) 51k o) + 51 (000 0) 52 kv o)

By abuse of notations we get :
99 _ dfag,  0fdp, dfdX  dfoY
Ox 09X Oox dY dx  0XO0x OYdx
dg _ 9f0g,  dfdh, _ 3FOX  df Y
dy 00X dy 0dYdy 09Xdy 0dYdy

Example 13.

of
Calculate %y avec f(x,y) = g(x* + 2y, 3xy).

We will use change of variables for partial differential equation.

5
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3.4 Second order Partial derivatives

Let’s consider f a function of differentiability class C' defined ona n open set U of R?. If the

of of
first order partial derivatives I and P are of differentiability class C' on U, f is said of

X Y
. s 2 . N 0’f oM O
differentiability class C~ on U. Secnd order partial derivatives are denoted by —, —, ———
ox?’ 0y?’ 0xdy
0%f
et .
o0yox
. . _ 5 0%f 0%f
Theorem 2 (Schwarz). If f is of differentiabily class C~ on U then we have : =
0xdy  0yox

4 Differential

4.1 Differentiable Function

Definition 7. Differentiable Function
If there exists two real numbers m and p, and a disk D of center (xo,yo) such that for all
(h,k) €D :

f(xo +h,yo + k) = f(x0,Yyo) + mh + pk+ || (h,k) || d(x0 +h,yo + k)

“h O _
wit (h,k)lg%o,m d(xo+hyyo+k)=0

then we say that :
of

e the function f is differentiable at (xo,y,) and m = gi(xo,yo) and p = @(xo,yo).

of of . . .
o f(xo,yo)+h&(xo,yo)+k@(xo,yo)+ I (h, k) || d(x0+h,yo+k) is the linear approximation

of f at Mo.
Example 14. Let’s give DL;((7, 1)) de f(x,y) = x*> + y> cos x.

Remark 4.
If the partial derivatives of f exist at (xo,yo), then f is not forcing differentiable at (xq,yo).

Example 15.
2
) _ Xy _
Let’s define f by f(x,y) = ERY if (x,y) # (0,0) and f(0,0) = 0.

1. Prove that f admits two partial derivatives at (0,0), and compute its partial derivatives.

N

. Assuming that f is differentiable at 0, what would be ¢.

w

. Calculate ¢p(x,x) for all x > 0.

=

. Conclude
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Proposition 3.

If f is of differentiability class C', then f is differentiable, which means that it sufficies that
the partial derivatives are continuous to say that f is differentiable.

This implies that the function in the previous example is not of differentiability classC'

Remark 5.
to be differentiable, it is not necessary that f is of differentiability class C'

Example 16.
Prove that the function 11 is differentiable but not of differentiability class C'.

Definition 8. The total differential
Let f be a differentiable at (xo,yo)-
of

of
The map df(My) : (h,k) — h&(MO) + k@(Mo) is a linear form on R? this means a linear

map from R? to R.
This is the total differential of f at M,.

4.2 From mathematics ... to physics

From mathematics ...

To simplify we denote df(M,) = df.

Thus we have df(h,k) = gih%— g;k

dx and dy are the total differential functions of respectively (h,k) — h and (h,k) — k.
Example 17. Prove that dx(h,k) = h and dy(h, k) = k.

So we may write :

of of
df(h, k) = —dx(h, k) + —dy(h, k)
ox oy
of of .
thus df = a—xdx + @dy with dx and dy maps.
... to physics

When z = f(x,y), the increment of f at the point M(x¢,yo) is the variable Af given by
Af(h, k) = f(xo + h,yo + k) — f(x0,Yo). This is equal to the change in z as x changes from x,

to xo + h and y changes from y, to yo + h.

When z = f(x,y), the total differential of f is the variable given by : df(h, k) = gidx+ ;jdy

The increment theorem states that the increment of f is very close to the total differential of
f if Ax and Ay are infinitesimal. Thus, we get an interpretation for the total differential of a
function : this is a linear approximation of the increment of f for infinitesimal increments of
x and y.

Example 18. Let S = xy be the area of a rectangle of dimensions x et y.
Find the increment for the previous product function, using physics.
AN.:x=10,y=2,dx=0,1et dy =0,01.
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4.3 Gradient

Definition 9. Let f be a function of differentiability class C' on U. At every point M,, there

exists a unique vector, called il the gradient of f at My, denoted by grad f(M;) or V{(My)

of of
whose coordinates in the standardbasis of R? are : (aX(MO), ay(l\%)).

Example 19. Let’s define f by f(x,y) = x* + 3xy. Let’s give its gradient at the point whose
coordinates are (2;-3).

Remark 6. Let’s notice that : df(h,k) = gradf- (h,k)

Proposition 4. Geometrical interpretation Let f be a function such that f(xo,yo) = zo and f is of
differentiability class C' R?.

e the gradient of f at My (x¢,Yo) is normal in M, to the level curve of equation f(x,y) = zo.
e the gradient vector points in the direction of greatest rate of increase of f(x,y)
e the positive rate of the function f is maximal in the direction of the gradient.

Example 20. Let’s define f by f(x,y) = x* + y*.
Illustrate the previous property at the point My(1;1;f(1;1)).

Example 21.
We get this property using the following idea :

1. Give the definition of U - V.
2. Let’s asume that ||(h, k)|| is constant and close to 0.

(a) What can you say about the set of points M such that Mom =(h,k)?

(b) Find the vectors (h,k) such that df(h, k) is maximal, then minimal and equal to
ZETO0.

(c) Give a justification for the previous property.

Remark 7. This example gives a geometrical justification but as it is based on an approximation
it is not really rigorous. It could become using the parametric representation of a level curve.
We will speak about it in another chapter.

4.4 Tangent plane of a surface
By analogy with the tangent line defined for a real valued function of one variable, the tangent

plane of a surface with equation f(x,y) = z at the point is the plane with the equation :

of of
z = f(x0,Yo) + (x — Xo)a(xmyo) +(y —yo)@(xo,yo)

Prove this formula/
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Exercises

Exercise 1.
Give domain of definitions for those functions. Is it possible to extend the following functions
by continuity at the point (0,0)?

x2 412
1. f(x,y) = X‘J
2
X
2. f(X»U):)HyyZ
3 floy) = Y
YT
Xy
4. f(X»U):m

5. f(x,y) = (x +y?)sin <x]y>

1 —cos(x
6. f(x,y) = yzy)

Exercise 2. 5

Xy
Let’s define f by f = 0,0) et f(0,0) =0.
et’s define f by f(x,y) \/mpour(x,y)#(,)e (0,0)
1. Let D be a straight line through the origin. Prove that the restriction of f to D is
continuous at (0,0).

2. Can we deduce that f est continuous at (0,0) ? Is it continuous ?

Exercise 3.
The law for ideal gases is of the shape PV = nRT where n the number of gs molecules, V the
volume, T the temperature, P the pressure et R a constant. Prove that ﬂga—]} =—
! P ! P ‘ dToPAV
Exercise 4.
, . x*y? .
Let’s consider f : f(x,y) = m if (x,y) # (0,0) and f(0,0) = 0.

1. Study the continuity of f on R?.

2. Compute partial derivatives f; and f, of f. What are the fonctional values f;(0,0) and
f'(0,0)?
y )

3. Is f of differentiability class C' on R*?

Exercise 5.

Loads engineers building roads are concerned about the penetration of cold in the ground.
To compute the temperature T at time t and at depth x (in m) they use the formula :
T = Toe ™ sin (wt — Ax) where Ty, w, A are constants. The period of sin(wt —Ax) is 24 hours.

9
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oT oT
1. Calculate and give an interpretation of 3 and P
X

2

2. Prove that T satisfies the heat equation of one dimension Fri kﬁ where k is a
e

constant real number.
Exercise 6. 5
Find a function f of class C' on R? such that a(x,y) = x +y. This is called a partial
differential equation.

Exercise 7.
Zf 2

—— + —— =0 on its domain of definition. Prove that
ox?  0y?

A function f is said to be harmonic if

those functions are harmonic :

1. f(x,y) =Iny/x? +y?

2. glx,y) = Arctan Y

X

3. h(x,y) =e *cosy+e Ycosx

Exercise 8.
Calculate the partial derivatives of h : h(x,y) = f(2xy, x).

Exercise 9.
Sove those partial differential equations :
of of
1. &—3@ =0withu=2x+yand v=3x+y.
of of 2. .

2. X3 + Y3, =¥ -+ Yy~ using polar coordinates

Exercise 10.
s , , " 1, ,
Prove that the Laplace equation 32 + 32 0 is equivalent to g"(r) + =9 (r) = 0 with
X Y

f(x,y) = gly/x* +y2).
Exercise 11.

In this exercise, ¢ is a strictly positive fixed real number. All the functions studied are real
valued functions. We study the partial differential equation (E), called wave equation :

?u 10

e dor 0

with u unknown function of two real variables x and t, of class C* on R?. Let’s define g a

Y —
function of C? such that g(X;Y) = u(XZ—'—Y, ZCX)'

1. We set u(x,t) = g(X,Y). State X and Y en fonction de x et t.

10
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0 0
2. Calculate —u(x, t) et —u(x,t) in function of g.

ox ot
o%u 2
3. Deduce w(x,t) et w(x,t) in function of g.
4. Solve the equation azg =0
‘ d oXoY

5. Deduce from the previous questions solutions for the wave equation.

6. Prove that the standing wave v(t,x) = (sin ckt)(sin kx) satisfies the wave equation.

Exercise 12. : ¢
Using Chain rule, compute dz for : z = x> —y’;x = YT
Exercise 13.

Calculate the total differential of the following functions :
1
1. f(x,y) = x*e™ + 7

2. f(x,y)=1n (xz —|—yz> + x Arctany

Xy
X+Yy

3. f(X)y) =

Exercise 14.
Using the total differential, calculate an approximation for the increment of f consecutive to
the noticed increments x et y :
f(x,y) = x* — 3x*y* + 4x — 2y® + 6 for (x,y) changes from (—2,3) to (—2,02,3,01).
Exercise 15. ]
The formula given the electrical resistance for an electric material is R = s where 1 is the
length of the rod, S the surface and y the conductivity.
Let’s assume that S, 1 et v are known with an error approximation of 10%.
1. Compute in two different ways d(ln R)

2. Let’s deduce the margin of error committed on R?

Exercise 16.
Let’s define f by f(x,y) = x* + 4y°.

1. Compute the gradient of f at P(2,—1).

2. Give an interpretation for this gradient.

11
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Exercise 17.
Soit P be the paraboloid of equation z = x* + yz. Give the equation of its tangent plane at
the point M(1,1,2).

Exercise 18.
Find the points of the hyperboloid of two sheets x* —2y*> —4z* = 16 where the tangent plane
is parallel to the plane of equation en 4x — 2y + 4z = 5.

12



