INSTITUT NATIONAL

‘ DES SCIENCES
APPLIQUEES
CENTRE VAL DE LOIRE

1A M2.1 2020-2021

Inverse functions

0.1 Inverses of trigonometric functions
0.1.1 The Arcsine function

& Video : 'The Arcsine function

Definition 1.
The restriction of the sine function from {—2 2} to [-1;1] is continuous and strictly increa-
sing, thus it has an inverse function defined on [—1;1] and takes values on —;;ﬂ called

the Arcsine function and denoted by Arcsin. This function is strictly increasing on [—1;1],
continuous on [—1;1] but differentiable on | — 1;1[ as the derivative of the sine function is

7T 7T
nat —— —.
null at 2 and >

Remark 1 (BE CAREFUL).

The function Arcsin is not the inverse function of the sine function but of its restriction to
. We get for instance :

22
1 1
i [ Arcsin | — o
sin ( rcsin 3> 3
s s
Arcsi LT T
rcsin (sm 8) 3
but 3
Arcsin <sin I) = g as it is the unique element of [—7;; 721] whose sine is equal to the sine
3n
£ 20
4
Example 1. On your own
Compute Arcsin(sin(7t/3)), Arcsin(sin(47t/3))
Derivative
$@ Video : Derivative
1 B 1

Vx €] — 1;1[, Arcsin’ x = =
x €] — 1:1], Arcsin’ x sin’ (Arcsinx)  cos (Arcsinx)

but cos® (Arcsinx) + sin’ (Arcsinx) = 1

thus it follows cos® (Arcsinx) = 1 — x?.

71 we get cos (Arcsinx) > 0 so cos (Arcsinx) = 1/1 — x2. Finally :

s
As Arcsi —=;
s Arcsinx € [ 23

Vx €] — 1;1[, Arcsin’ x = 1
1 —x2
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Oddness Evenness
Arcsin is odd as it is the inverse function of an odd function. So it sufficies to study the
function on [0;1].

Graph
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0.1.2 The Arccosine function
& Video : 'The Arcosine function

Definition 2. The restriction of the cosine function to [0; 7] takes values in [—1;1] and is both
continuous and strictly decreasing, thus it has an inverse function defined on [—1;1] which
takes values in [0;7t]. This function is called the Arccosine and denoted by Arccos. This
function is strictly decreasing on [—1;1], continuous on [—1;1] but differentiable on | — 1;1][
as the derivative of the cosine function is null at 0 and 7.

Remark 2 (BE CAREFUL).

Arccos is not the inverse function of the cosine function but of its restriction to [0;7t]. Thus
for instance we get :

2 2

cos | Arccos - | = =

( g 3> 3

T T

Arccos (cos > = —

g 5/ 5

but

Arccos (cos > = —— as it is the unique element of [0;7t] such that its cosine is the same as

the cosine of ?ﬁ


https://www.loom.com/share/2f96185b16174f209b8dfc83aca7a2ab 
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& Video : Fundamental remark

Example 2. On your own
Compute Arcsin(cos(—7t/2)), Arcsin(cos(7t/2))

Derivative
& Video : Derivative

—1
V1 —x?

Vx €] — 1; 1], Arccos' x =
Example 3.

Prove it

1 —1
cos’ (Arccosx)  sin (Arccosx)

Vx €] — 1;1[, Arccos’ x =

but cos? (Arccos x) + sin? (Arccosx) = 1
so sin® (Arccosx) = 1 — x%.
Since Arccosx € [0;71] we have sin (Arccosx) > 0 we get sin (Arccosx) = 1/1 — x2. So finally :

Vx €] — 1;1[, Arccos' x = \/1__]7
& Video : Derivative

Be careful

Arccos is neither odd nor even.

Graph

r 1T
y = Arccosx



https://www.loom.com/share/ddec9a3a6dff4e01b6ed08b5b7fbb4aa 
https://www.loom.com/share/b5c5fcbd7777410c9e3015a7192e8046 
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31 %
Arccos

Example 4.

Prove using two different ways that : Vx € [—1; 1], Arccos x + Arcsinx = g
$@ Video : Example
On your own :
1. Prove that cos(Arccosx + Arcsinx) = 0.
2. Prove that sin(Arccosx + Arcsinx) = 1.
3. Justify that Vx € [—1,1], (Arccos x + Arcsinx) € [—m/2,37/2].
4

. Deduce that Vx € [—1;1], Arccos x + Arcsin x =

iy M

0.1.3 Arc tangent

& Video : 'The Arctan function

e .. . . . T TU .
Definition 3. The restriction of the tangent function to } 535 [ takes values in | —oo; +oo[ and
is continuous and stricly increasing, thus it has an inverse function defined on | — oo;+o0l,

which takes values in ]— [ This inverse function is called the arctangent function and

22
denoted by Arctan. This inverse function is strictly increasing on R, continuous and differen-
tiable on R.

Remark 3 (BE CAREFUL).

Arctan is not the inverse function of the tangent function but the inverse function of its
- T T . .
restriction to }—2; 5 [ That is why we get for instance :

4


https://www.loom.com/share/dcb8c60254944783bf1110edf9b036f5 
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tan (Arctan5) =5
i s

Arct tan- ) = =
rctan ( an 7) >

but

8
Arctan (tan ﬂ) = ; as it is the unique element of ]—Z;

- { such that its tangent is the

Nl A

8m
same as the tangent of -

Example 5. On your own
Compute Arctan(tan(—7/3)), Arctan(tan(27t/3))

Derivative
, 1
Vx € R, Arctan’x =
1+ x2
Example 6.
Prove the formula for the derivative
1 1

Vx € R, Arctan’ x = =
’ tan’ (Arctanx) 1+ tan? (Arctanx)

Thus it follows :

1
14+ x2

Vx € R, Arctan’ x =
& Video : Derivative

Oddness Evenness
Arctan is an odd function as it is the inverse function of an odd function.
Graph

y = Arctanx 1



https://www.loom.com/share/e8745616d04d485699b70e6cf92a4953 
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Exa

mple 7. Prove that :
1. Vx > 0, Arctanx + Arctan ~ =3

2. Vx < 0, Arctanx + Arctan — = 5
X

& Video : [Example

0.2

Inverse functions of hyperbolic functions

Definition 4.

The hyperbolic cosine ch is a bijection (one to one correspondence) from [0;+oo[ to[l; 400l
as it is continous and sctictly increasing, thus its inverse function exists and is called inverse

hyperbolic cosine :
Argchx : [1,400[— [0, +oo[

Definition 5.

The hyperbolic sine sh is a bijection from R to R as it is continuous and strictly increasing
from R to R, thus its inverse function exists and is called inverse hyperbolic sine.

Argshx :R—> R

Definition 6.

The hyperbolic tangent th is continuous and stricly increasing from R to ] — 1;1[, thus ist
inverse function exists and is called inverse hyperbolic tangent.

Argthx:]—1,1[-> R

6


https://www.loom.com/share/e8745616d04d485699b70e6cf92a4953 
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& Video : Introduction

Example 8. 1. Let’s define f(x) = In (x +1/x% — 1) for all x > 1
(a) Calculate ch(f(x)) for x
(b) Calculate f(ch(x)) for x

(c) What is your conclusion ?
& Video : Example

2. Let’s define for all x € R, f(x) =1In (x +/x2+ 1)
(a) We set y = f(x). Express x depending on y.

1.
0.

\VAR\Y

(b) What is your conclusion ?
¥ Video : Example

1 1
3. We admit that x €] —1;1[, Argthx = Eln (1 ji)

Example 9. Prove that :

1
1. For all x > 1, Argch’x =
| x2 —1
& Video : Derivative 1
1
2. For all x € R, Argsh’x =
| x? 4+ 1
& Video : Derivative 2
3. For all x €] — 1;1[, Argth'x = —
1—x

& Video : Derivative 3

Example 10.

Find ch(Argchx) for x € [1;4oo[ and Argch(ch x) for x € R, distinguishing cases if necessary.
$@ Video : Example

Example 11.
Study the map f: x — x Argsh x.
$@ Video : Example

st |'y=Argchx



https://www.loom.com/share/3124e0ef26564b668e9a7d7bcb88fdcc 
https://www.loom.com/share/d24c74c6433e4c939d9e177baf7aed12 
https://www.loom.com/share/4fd31b84e8654d2ca0819fd530a1c918 
https://www.loom.com/share/d39925c197bc41bc98b7f0f370d9c6c9 
https://www.loom.com/share/4a074497ac3a46379a5771a46a3e7d1d 
https://www.loom.com/share/6edbd3b29387450d90e8afd909a1dc5b 
https://www.loom.com/share/7789b212810944259b6a5b4a69e3326c 
https://www.loom.com/share/8b97efb9ac3e4e6691b252884dec58bd 

INSTITUT NATIONAL

‘ DES SCIENCES
APPLIQUEES
CENTRE VAL DE LOIRE

1A M2.1 2020-2021

Exercises

Exercise 1.

1
1. Compute when possible : sin(arcsin(2)), arccos(cos(27)), arcsin(sin(gﬂ)),

2. Simplify, specifying the domain of definition : cos(arcsin(x)), cos(arctan(x)) and tan(arcsin x)).

Exercise 2.
Solve this equation :

. T .
arcsin(v/3x) = 5~ arcsin x

Exercise 3.
Study those functions :

f(x) = sin (arcsin x) etg(x) = arcsin (sin x)

2
Exercise 4. Let’s define : f(x) = arcsin o 2arctan x
1+ x?

1. Give the domain of definition of f?
2. Compute f'. Let’s deduce an easier expression for f.
3. Draw the graph of f.

Exercise 5.

1. Compute if possible : Argch(1), Argch(ch(—2)), sh(Argch(2)), Argsh(sh(—10)), tan(arctan(%[)).
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2. Simplify ( specifying the domain of definition) : ch(Argch(x))
Exercise 6. 1. Show that the equation Argch(x)+ Argsh(x) = 1 eventually has a solution
by expliciting it.
2. Why do you have the word "eventually" in the previous question ?
3. Show, by studying a function, that the equation has a solution.
4. Conclude.

Exercise 7. <
Study this function : arctan(th(i))

Exercise 8. (optional)
The diagram below shows an optical fiber, with n, > ng.

& y
]

T
.y _— Gaine d'indice n,

Air d'indice 1
@ cosur X

Coeur d'indice ng

According to Descartes’ laws for refraction : sin0® = n.sin and n.sinl =ngsinr.

. . T . e e
If %sml > 1, the ray is reflected on the sheath, and r = 5 is then the limiting case of

g .
refraction.

Show that sin® = /nZ —nj if r = .

sin O is called the numerical aperture.



	Inverses of trigonometric functions
	The Arcsine function
	The Arccosine function
	Arc tangent

	Inverse functions of hyperbolic functions

